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Approximations to Toroidal Harmonics
Abstract
Toroidal harmonics P- 1/2 (cosh g) and Q- 1 2 (cosh y) are useful in solutions to
Maxwell's equations in toroidal coordinates. In order to speed their computation, a
set of approximations has been developed that is valid over the range 0 < g < 00. The
functional form used for these approximations is dictated by their behavior as a - 0
and as A - oc, and is similar to that used by Hastings in his approximations to the
elliptic integrals K and E. This report lists approximations of several mathematical
forms with varying numbers of terms; approximations to the above Legendre functions
are given for n = 0 through 6. Coefficients of each expansion have been adjusted
to distribute the relative error in equi-amplitude peaks over some range, typically
.05 < u < 5, and in the best cases these peaks are less than 10-' 0 . The simple
method used to determine the approximations is described. Relative error curves are
also presented, obtained by comparing approximations to the more accurate values
computed by direct sumination of the hypergeometric series.
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1. Introduction
The vector potential in toroidal coordinates for a current distribution that is sym-
metric in 0 is given by
00
A= ,/cosh yg- cos 7 (a cos n + bn sin n7) x
n=O
x {cnPl-./ 2 (cosh y) + dn Q-/ 2 (coshL),
where and Q-_ are Legendre functions of the first and second kind. (The
toroidal coordinate system, g,7,#, is described in Morse and Feshback[21.) The
n- _/2 are singular as g - oc, and represent field contributions due to currents
nearer the axis of the torus than is the region of interest, as measured by the co-
ordinate A. QI s are singular for A - 0, and represent field contributions due
to conductors external to the region of interest. In the neighborhood of a very thin
torus (y - oc) these solutions reduce to those found in cylindrical coordinates, (,)n
and () respectively. For n = 0, the quantity vcs Qo/ 2 (cosh p) approaches a
constant as u -- oo, while g'oshy P/ 2 (cosh.) approaches In :, thus reproducing
the full expression for the vector potential in cylindrical coordinates.
2. Definitions and Asymptotic Behaviors
The Legendre functions are defined as follows:
F(n + 3) tanh g n + n ) 2 ,
PN1 2 (coshy) = 1 -, 2 ;tanh~p , and2 (n - 1) coshr y- 22
-7 )/
Q- (cosh A) = F - n +1;sech-s,
F(n - 1) 2-1/2 cosh '2 A 2 2 I
where F(a, b: c; z) is the hypergeometric function. For the approximation analysis,
their asymptotic behavior for u - oc is required, as well as their behavior near
,u - 0. These are listed following:
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Asymptotic behavior of Po/ 2 (cosh y) as y -+ oc is given by
P_ -/ 2 (coshu) ={- (In 4 - 2 + ) cosh- 11 2 A,2n-1/2 (n - 1)! coshn- 2Vfr (n - 1/2) for A - cc and n = 0,for u -+ oc and n > 1.
In the opposite limit of small =,
P,,-,/2(cosh y) = (n2 - ')! + 0(43) , for A , 0.2
Asymptotic behavior of Qoo 2 cs 4 )a i c is given by
Q -V/7f(n + 3/2) 1I 1/ 2 (cosh y) = 2 n+1/2 n! coshn+1/2 ,l for u - oc.
In the limit of small A,
(sinh g) Q (1/ 2 (coshn) = -i + n2




and for n > 0, i = 0:






7( 2n - Z- 1 2(
4
+ O 4) ,I:L1
n 2 2n-2
I > 1 : C7 = (-1
3. Determination of Approximation Coefficients
The mathematical form of the approximations to the Legendre functions is con-
strained in several respects. In order for the error to decrease to zero as g - 00, the
approximation must have the same asymptotic behavior as the Legendre function.
Further, in order for the relative error to approach zero as A - 0, the approxima-
tion must also have the same functional dependance on small ju. In the case of the
P 12 s, which approach 0 as g - 0, this requirement is a consequence of l'Hospital's
rule. For Q 1/2 s, which are singular at the origin, this requirement arises because
the asymptotic behaviors of the approximation and the function as ± - oo must
again coincide in order for the error to approach zero.
Once the form of the function is established, the fact that the approximation
satisfies the above constraints may be used to eliminate a number of coefficients. In
principle, any of the coefficients could be solved for; however, for ease of coding, those
multiplying the lowest order terms of the polynomials in the approximation were the
ones eliminated. The remaining coefficients must then be determined in order to
obtain the approximation.
A first guess to the coefficients is found by forming the best approximation to the
Legendre function in a least-squares sense. Minimization of the sum of the squared
relative errors, E = ( prox - 1)2, determines a set of N coefficients. At this
point, the value of the relative error for the approximation using these coefficients
oscillates about zero in a series of N - 1 peaks with alternating signs and varying
amplitudes. Typically their amplitudes differ by as much as a factor of ten, so the
next goal is to distribute the error as evenly as possible.
After the initial guesses to the coefficients have been determined, an iterative
procedure is used to relax them to a set that result in equi-amplitude peaks of the
relative error about zero. For a given set of coefficients Cj, the amplitude of each
peak in the relative error is given by
Et I Tj (A,) CE= /(- 1,
-I1 / 2 (cosh pi)
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where T (g) represents the functional dependence of each term of the approximation,
y. is the value of u at the jth peak, and M represents either P or Q. (The approxi-
mation is given by M*(g) = T (g)Cj.) For the final result, a set of coefficients C
is sought for which the sign of the error alternates between peaks of equal magnitude,
each located at values of u = 4i that are not known a priori. That is, a solution is
sought to the overdetermined system of N + 1 equations given by Ei = ±d.
The iterative scheme that has been developed is based on solving the following
system of equations for a set of corrections to each of the coefficients, ACj:
- 1 T (Ai) AC
E M~ (cosh as)
The left-hand-side is determined by the difference of the 1th peak from the average
magnitude of all the peaks, divided by a relaxation parameter R; specifically AEj =
±(IEd- < Ejj >)/R. The sign is such that IE, + AEij is closer than JEj' to the
average <IE I>. A new set of peaks in the relative error is then computed using the
corrected coefficients, and the new values of AEi and A substituted into the above
system of equations for AC,. The system is solved for the ACj s, and the iteration
repeated. R greater than some minimum value seems to be required in order to assure
convergence; R = 5 has been found to converge reliably and in a reasonable number
of iterations. Typically 50-80 iterations result in all peaks being within 10 of their
average magnitude.
Note: there is one more equation than unknown with this scheme. The equation
with the smallest absolute value of AE, is ignored on each iteration, and the remaining
N equations solved for the N corrections AC,.
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4. Approximations to P1-_ 2 (cosh y)
Two different functional forms are presented for the approximations to the toroidal
harmonics Py1 2 (cosh l). The first was obtained by examination of the-approxima-
tions to the elliptic integrals K and E given by Hastingsi1l. The identity
P-l/ 2 (cosh y) = 1 - 1) K(k) - -E(k)l7r V'cosh g + sinh y Lk2 k
where k 2  2tanhg
1 + tanhAz'
may be used to derive an expression for P11/2 (cosh a) involving the coefficients from
Hastings' approximations, and the resulting approximation generalized for the higher
order Legendre functions P -/ 2 (cosh g). Noting that cosha + sinhu = e", and k2
as defined above = 1 - e- 2 , the general form of these approximations is given by
P1*= n(n- 1/ 2 )M (ao + aix + a2x 2 + az 3 +...)+
+ (bo + bix + b2 2 + b3 x +...) Inx
for X = e-2




The coefficients ao and bo are taken directly from the asymptotic behavior of
Pi/(cosh) asji - oc; in particular, for n = 0, an = In 4 - 2 and bo = -1/2, while
for n > 0, a, = 1 and b, = 0. Three equations result from setting the behavior of
the approximation for g -+ 0 equal to that of the Legendre function, and these were
used to eliminate three additional coefficients before solving for the approximation.
(Section 2 lists the behavior of Pl_ as u - oc and as A - 0.) The resulting
approximations are very good for the first several harmonics, though for n ; 4 the
accuracy rapidly deteriorates. A slight additional limitation arises from the factor
.7
(1 - z) in the denominator of the leading order term; as a -+ 0, z approaches unity,
resulting in worsening errors for /y < .001.
A second general form used for the approximations to P1-12(cosh g) results in
much better accuracy for the higher values of n, though is not as good for the lower
ones. In this case the approximation is given by
P1* = N, coshn-/ 2  [ (ao + aiz + a2x2 + a3 X+ ... )+
+ (bo + bix+ b2 X2 + b 3 X3 +...) in
for x =1-tanh A, and N n = (n
r5 F(n - 1/2)
The coefficients ao and bo are determined by the same method as above, but in this
case are equal to In 32 - 4 and -1 respectively. For n > 0, a, and bn are again equal
to 1 and 0. For this approximation, however, only two coefficients were eliminated by
setting the functional dependences equal for A -+ 0.
Section 7 contains tables of coefficients for these approximations, and Section 8
contains plots of the error associated with each.
5. Approximations to Q- 1 / 2 (cosh A)
Approximations to Q'- 1 / 2 (cosh A) require only a single functional form for 0 <
n < 6 in order to achieve accuracy similar to that obtained for P' 1 12 (cosh u) with
comparable numbers of terms. Here the approximation is given by
= sinh A cosin12A/ [ (an + a2 x2 + a3x a4 x4 + ...
(b2Xy b -b4 +.) inx
-2' P(n +3/2)for x e- and Nn= 2n+1/22 n
For these functions. a, =b = b= 0, so a given number of terms results in the order
of the approximation being one higher than that for the same number of terms for
P *. Three additional equations result from setting the behavior of the approximation
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for g - 0 equal to that of the Legendre function, and these were used to eliminate
three of the coefficients before solving for the approximation. The sum of coefficients
aj is constrained to equal 1, so that N, again represents the multiplicative factor for
the asymptotic behavior as a - oc. (Section 2 lists the behavior of Q1- as A - oo
and as u - 0.)
Section 7 contains tables of coefficients for these approximations, and Section 8
contains plots of the error associated with each.
6. Error Summary
Relative errors for each of the approximations presented above are summarized in
Table 1. Entries in the table represent the amplitude of the peaks in the relative error
plots of Section 8. The relative error is the difference in the value of the approximation
and the "true" value of the Legendre function, divided by the true value; the latter
was computed either by evaluation of the integral definition or by direct summation
of the hypergeometric series, and was typically calculated to 17 decimal places.
The first approximation to Pi _ 1 2(cosh A) described above is extremely good
for n = 0, and acceptable for n = 1 - 3, but deteriorates rapidly for 'n Z 4; it is
also problematic for u < .001. On the other hand, the second approximation is best
for n Z 3, and converges better for Ai - 0, though for values of 'p < 10-' (10-4
for the Order=6 approximations, n > 3) the relative accuracy again worsens. In
particular, since P- 1/2 (cosh A) = 0 for a = 0, any nonzero sum of the coefficients in
the approximation results in unbounded relative error.
Only one form of approximation to Qi 1_1 (cosh A) was necessary for similar
accuracy to that obtained with a comparable number of terms for P' _ I. In addition,
the approximations converged well for all values of a, though in principle there should
be precision errors as u - oc similar to those for the Pn - s as Az - 0.
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Table la. Relative Errors in Approximations to P- 1 2 (cosh y)
First Approximation, 10-3 <,4 < 0o
n, Order: 3 4 5
x10-5 x10- 7  x10-9
0 .0255 .0291 .204
1 .119 .123 .166
2 .665 .457 .509
3 16.8 2.49 1.73
4 370. 77.2 9.95
5 1460. 2470. 386.
6 3430. 13300. 17000.
Table 1b. Relative Errors in Approximations to Pn-1/2 (cosh y)
Second Approximation, 10-4 < A < 00
n, Order: 3 4 5 6
x10- 4  x10- 6  x10- 8  x10-9
0 .997 7.01 51.2 38.5
1 .273 1.29 7.20 4.45
2 .0303 .138 .721 .404
3 .0548 .119 .378 .148
4 .768 .103 .232 .0736
5 .416 .800 .490 .0915
6 2.99 6.60 1.48 .153
Table 1. Relative errors in approximations to the Legendre functions are summarized
in Table 1. Entries in the table refer to the peak amplitude of the relative error, that
is the peak deviation of the approximation from the true value of the function normal-
ized to the true value. Relative errors for the first approximation to P'_1/ 2 (coshu)
described in Section 4 are presented in Table la, while relative errors for the sec-
ond are shown in Table 1b. Table 1c (next page) summarizes relative errors for the
approximations to Q 1_(coshiy).
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Table 1, continued. Table ic summarizes relative errors in approximations to the
Legendre functions Qi- 1 /2 (cosha) as described in Section 5. Entries in the table
refer to the peak amplitude of the relative error, that is the peak deviation of the
approximation from the true value of the function normalized to the true value.
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Table ic. Relative Errors in Approximations to Q'_ 1 2 (cosh y)
n, Order: 4 5 6 7
x10- 4  x10-3 x10~ 7  x10-9
0 .173 .890 .547 3.77
1 .0491 .150 .0676 .378
2 .108 .143 .0207 .0343
3 .415 .659 .138 .331
4 .960 1.62 .350 .857
5 2.31 3.88 .846 2.19
6 6.65 7.33 1.73 4.76
i
7. Coefficient Tables
This section contains tables of the coefficients found for approximations to the Leg-
endre functions P. /2 (coshI2) and Qi- 1/ 2 (cosh g). Table 2 contains the coefficients
for the first approximation to PI 1 / 2 , for n = (0-6) and the order of the polynomials
= (3-5), and Table 3 contains those for the second approximation, for the same range
in n but for the order = (3-6). Table 4 contains coefficients for the approximations
to QI-1/2 for n = (0-6) and polynomial order = (4-7).
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Table 2a. Coefficients for Pa*, Order=3 (First Approximation)
The first approximation to P1 _ 2 (cosh s) for Order = 3 is given by
P * = N, 1 (ao + aiz + a2x2 + a3z3 )+
+(0o+blx+b2 x 2 + b3X 3 ) lnx
with x = e- 24 and N, = (n .)!T~~-12
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 36 through 39.








b3 = -0 .00051663430967806


































































































Peak Error = 0.146 x 10-1
Table 2b. Coefficients for Pa*, Order=4 (First Approximation)
The first approximation to P' 1/ 2 (cosh g) for Order = 4 is given by
e(n- 1/2)g
P = N' X -- [ (ao + aix + a2x 2 + a3 x + a4 X4 )
+(bo-+ bx+b 2 x2 +b 3 X3 +b 4 X4 )inx 
with z = e- 2 , and N, = 7(-1
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 40 through 43.

























































































































































Peak Error = 0.247 x 10-3
Table 2c. Coefficients for P,*, Order=5 (First Approximation)
The first approximation to P -Ij 2(cosh g) for Order = 5 is given by
P = Nn (ao+alx+a2x2 +a 3x 3 +a 4 X4 +a5X 5 )+
+ 00 + 6bI + b2X2 + b3 x3 + b4X+ bz) inx
with z= e-21A and N , = 1_
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 44 through 47.



















































































































































































Peak Error = 0.995 x 10-8
Table 3a. Coefficients for P,*, Order=3 (Second Approximation)
The second approximation to P, 1/ 2 (coshi.) for Order = 3 is given by
PL* = N, coshn-1/ 2 A, [ (ao + a1z + a2 Z 2 + a3X3)+
+ (bo + biX + b2 X2 + b3 x3 ) In x
with x = 1 - tanhu, and N, = 2n1/2 (n-i)!
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 48 through 51.





































































































Table 3b. Coefficients for P,*, Order=4 (Second Approximation)
The second approximation to P,-1 / 2 (cosh g) for Order = 4 is given by
P,* = N, cosh' - 1/ 2  [ (ao + a1 i + a2x2 -- a3 X3 + a4X4)+
+ (bo + bX - b2 x2 + b3 z 3 + b4 4 ) Inz
n-1/2 n- i3
with z = 1 - tanhju, and N, = 2n/2 .- )
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 52 through 55.































































































b2 = 0 .002864812725363
b3 = 0.009199212038030
b4 = 0.016102087159833







































Table 3c. Coefficients for P,*, Order=5 (Second Approximation)
The second approximation to P,-1 /2 (cosh y) for Order = 5 is given by
P,* = N, cosh-1/ 2 g [ (ao + a 1z + a2X2 + a3 :3 + a4 X4 + a5 5)+
+ (bo + bix + b2 x2 + b3X3 + b4 X 4 + bs:5X) in x
with z = 1 - tanhu, and NV = 2 /2 y
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 56 through 59.













































































































































































Peak Error = 0.232 x 10-1
Table 3d. Coefficients for Pn*, Order=6 (Second Approximation)
The second approximation to P' (cosh ) for Order = 6 is given by
PI = N, coshn- 1 / 2 g (ao + a1 : + a2 x2 + a3 X3 + a4 X4 + a5 :5 + 6)
+ (bo + blx + b2 X2 + b3 3 + b4X' + bs5 + b6)in
with x = 1 - tanhu, and N, = 2 n-i!
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 60 through 63.











































































































































































































Table 4a. Coefficients for Q,*, Order=4
The approximation to Q 1- 1 2 (cosh u) for Order = 4 is given by
Q* =n 1/ (ao + a 2x2 + a3X3 + a4X4)+sinh/y cosh' I
+ (b2:2 + b3 z 3 + b4z4) Inx
with z=I-e- 2 A and Nn = ~nf13/2)
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 64 through 67.








































































































Peak Error = 0.665 x 10~3
Table 4b. Coefficients for Q,*, Order=5
The approximation to Q -1/2 (cosh AL) for Order = 5 is given by
Qn* = Nn [ (ao + a2x 2 + a3 X3 + a4X4 + asz5)sinhya cosh;1 2 ,
+ (b2X2 + b3z 3 + 64X + bsz') in:
with z=1- e~, and Nn = 2n+3/2)
The coefficients for each value of n ; 6 are listed below. Error curves for each
approximation are shown on pages 68 through 71.






































































Peak Error = 0.659 x 10 3
















































Peak Error = 0.388 x 10-5
Table 4c. Coefficients for Q,*, Order=6
The approximation to QI 1 2 (cosh AL) for Order = 6 is given by
Qn*= 1/2[ (ao + a2 : 2 + a3 :3 + a4 X4 + a5:5 + arx6)+
sinhA cosh'"
+ (b2X2 + b3 X3 + b4X: + bsx' + brx 6) inx
with z = 1 - e- 2 u and N - (n-3/2)and n = 2n+1'/2 n!
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 72 through 75.



































































































































































Table 4d. Coefficients for Q,*, Order=7
The approximation to Q 1_ 2 (cosh A) for Order = 7 is given by
Qn* = n1 (ao + a2 x2 + a3 : 3 + a4z'4 + a5x5 + a6 :6  a7: 7 ) +
sinhgu coshn-1 2 A
+ (b2X2 + b3X3 + b4x4 + bsx: + b6 :6 + b7:) Inz
with =1--~ and N = n!(n+3/2)
The coefficients for each value of n < 6 are listed below. Error curves for each
approximation are shown on pages 76 through 79.




































































































































































































8. Plots of Relative Errors
The relative error associated with each approximation listed in the previous section
is plotted in the following pages. The relative error is the difference in the value of
the approximation and the "true" value of the Legendre function, divided by the true
value. The latter was obtained primarily by direct summation of the hypergeometric
series, terminated when successive contributions to the sum left the digits in the
first 17 decimal places unchanged. When convergence of the sum was too slow, as
when g < .02 for Q' - 2(cosh A), the integral definition of the Legendre function was
numerically evaluated. Trapezoidal integration with Romberg iterative improvement
also made it possible to achieve 17 decimal places of accuracy.
Relative errors are plotted against At. In order to spread the peaks in the error
more evenly across the page, the horizontal axis is linear in f/. The "first" and
"second" approximations to P / 2 (cosh u) are described in Section 4, while approx-
imations to Qi 1 1 2(coshu) are given in Section 5.
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